Computational electromagnetism is concerned with the numerical study of Maxwell equations. By choosing a discrete Gaussian measure on prism lattice, we use discrete exterior calculus and lattice gauge theory to construct discrete Maxwell equations in vacuum case. We implement this scheme on Java development plateform to simulate the behavior of electromagnetic waves.
Introduction
tim domain (FDTD) was introduced in K.S. Yee [14] and remains one of the most successful numerical methods used in the field of computational electromagnetism, particularly in the area of microwave problems. Although it is not a high-order method, it is still preferred for many applications because it preserves important structural features of Maxwell's equations that other methods fail to capture. In 2007, the work of A. Stern et al [13] generalize the Yee scheme to triangulated meshes in 4-dimensional spacetime.
In this paper, we extend Stern et al's results to the curved space. the space is discretized by 2D or 3D triangulated manifold.
• We express the Bianchi identity by discrete exterior calculus in the lattice gauge theory with gauge group R. By defining an inner product of discrete differential forms, we derive the discrete source equation and continuity equation. Those equations compose the discrete Maxwell equations in vacuum case, which are intrinsic.
• By reducing discrete Maxwell equations into an explicit scheme, we can implement them on triangular and rectangular and other regular polygon in an unique way. The algorithm is implemented on Java development plateform to simulate the behavior of electromagnetic waves.
The algorithm is this paper is used to simulate antennae radiation [22] and waves scattering [?].
Preliminaries
In this section, we recall some concepts in discrete exterior calculus and the mesh used in this paper.
Prism Lattice
Prism lattice is similar to simplicial set but it is realized by using prisms instead of only simplices. Let
be a standard p-simplex given with barycentric coordinates. A prism is a product of simplices, that is, a set of the form
For general discrete curved spacetime, we can not make sure the circumcenter in the cells. If the spacetime can be decomposed as a product of time and 3D-curved space, we can discrete the 3D-curved space by tetrahedrons, the faces of which are acute triangles, and the time by linear segments.
Discrete exterior calculus
A discrete differential k-form, k ∈ Z, is the evaluation of the differential kform on all k-simplices. Dual forms, i.e., forms that we evaluate on the dual mesh, are treated similarly. The geometric realization of the dual mesh in 3D tetrahedral discrete manifold:
• The dual vertice is tet circumcenter.
• The dual edge is polylines connecting dual vertices across the circumcenter of the shared tet face.
• The dual face is the polyhedral looped by the polylines connecting dual vertices across the circumcenter of the shared tet faces.
The geometric realization of the dual mesh in the 2D triangular discrete manifold:
• The dual vertice is triangular circumcenter.
• The dual edge is polylines connecting dual vertices across the circumcenter of the shared edge.
• The dual face is the polyhedral looped by the polylines connecting dual vertices across the circumcenter of the shared edges.
These discrete forms can now be used to build the tools of calculus through DEC [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . At the core of DEC is the definition two operators as follows:
• Discrete exterior differential operator d (overloading), this operator is the transpose of the incidence matrix of k-cells on k + 1-cells [8] .
• Discrete Hodge Star * (overloading), the operator scales the cells by the volumes of the corresponding dual and primal cells.
The discrete analogs of curl and Laplace operators can be expressed as:
Lattice gauge theory on Prism Lattice
DEC in Prism Lattice
Considering the prism lattice M × Z, The cells on M × Z constitute by
Now we want to define the operators d and * on it.
• Operator d (overloading), this operator is the transpose of the incidence matrix of k-cells on k + 1-cells.
• Hodge Star * (overloading), we will use the diagonal Hodge star. This operator simply scales whatever quantity that is stored on mesh cells by the volumes of the corresponding dual and primal cells. On discrete differential forms
Curvature and Connection
The usual gauge group for electromagnetism is SU(1), but there is another obvious choice, namely R. Firstly, we will follow the latter alternative: that the gauge field or connection A assigns to each edge in the lattice an element of the gauge group:
Discrete curvature 2−form is the discrete exterior differential on the sum of discrete connection 1−forms Ω := dA.
Restricting Ωon each plaquette, the value is just the coefficient of Holonomy group on this plaquette. The Bianchi identity is dΩ = 0.
Note that since the gauge group is Abelian, we need not pick a starting vertex for the loop. We may traverse the edges in any order, so long as we take orientations into account.
Discrete Maxwell equations
There are two kinds of 2-cells on prismal lattice with discrete Gauss measure:
Maxwell's equations are invariant under gauge transformations A → A + df for any 0 forms or scalar function f on vertex, since taking the exterior derivative maps
For source case, we need discrete current 1−forms J, which is composed by current and charge. Let A = E A i and the Lagrangian functional be
Suppose that there is a variation of A i , vanishing on the boundary. Varying the action yields
The Hamilton's principle of stationary action states that this variation must equal zero for any such vary of A i , implying the Euler-Lagrange equations
which is equivalent to the source equations
where δ = * −1 d T * and Ω = dA, we see The continuity equation can express as:
The equations of Bianchi identity, source equation, and continuity equation are called discrete Maxwell equations.
Relation with the differential case
Since the time and space considered in this paper are split, the discrete curvature form can be written as
where B(t) := B i (t)P i and P i be the form on space. Operator d can split as d s and d t , where d s is the restriction of d on space. The definition of d t is
The smooth counterparts are
On the 2D discrete manifold, let
Since the dimension of space is 2, so d s B = 0 and d 
where the summation on the right is orient, that is to say, inverse the orientation of e i , then multiply −1 withĒ i . Eqs. (3, 4) can be implemented on 2D discrete manifold directly(see Fig.1 ).
Eqs. (3, 4) can be recombined as following two equations.
Let the two orthotropic edges be e 1 + e 2 , e 3 + e 4 . The discrete Hodge star operator is
When the area of P 1 and P 2 tend to 0, the discrete Hodge star operator tends to Hodge star in differential case. Let A 1 , · · · , A 4 be the coefficients on rectangular sides with length a and b resp. By DEC, we obtain coefficient(Ω) = A 1 − A 2 + A 3 − A 4 . Divide with the area
The limit of above equation is the relation of connection and curvature in differential and flat case.
Let Ω 1 , ..., Ω 6 be the coefficients of the discrete curvature on the 6−surfaces of cuboid. By the orientation and discrete Bianchi identity, we have:
Divide with the volume of cuboid
The limit of above equation is the Bianchi identity in differential and flat case.
Implementation and Demonstration
The pseudocode is provided to facilitate a direct implementation of our algorithm, which are implemented on Java development platform. // Load mesh M // Build two layers rectangle grids on the boundary of M, if M has boundary // Reduce dΩ = 0, δΩ = J into explicit scheme Ω To demonstrate the effectiveness of our approach, we have successfully implemented DEC in Java for simulating TE/M wave in vacuum on a single processor pentium machine with 3.4G CPU and 2GB of memory.
Electromagnetic pulse is a broadband, high-intensity, short-duration burst of electromagnetic energy, which mainly comes from an explosion or an intensely fluctuating magnetic field caused by Compton-recoil electrons and photoelectrons from photons scattered in the materials of the electronic or explosive device or in a surrounding medium. Fig.1 exhibit Gaussian pluses' waveforms simulated by DEC, which will be used on antennae radiation [22] .
Electromagnetic interference is an unwanted disturbance that affects an electrical circuit due to electromagnetic radiation emitted from an external source. The disturbance may interrupt, obstruct, or otherwise degrade or limit the effective performance of the circuit. Fig.3 exhibits several sources sinusoidal wave interference simulated by DEC. Our algorithm can simulate more complex situation on surface and 3D-manifold.
Electromagnetic diffraction is normally taken to refer to various phenom-ena which occur when an electromagnetic wave encounters an obstacle. It is described as the apparent bending of waves around small obstacles (This phenomena will be discussed more deeply in other paper) and the spreading out of waves past small openings. The Fig.4 shows an animation of Gaussian plane wave diffraction when reaching a wall with a hole. 
